Let C(K, C) be the Banach space of all complex-valued continuous functions on a compact Hausdorff space K. We study when the following statement holds: every norm attaining n-homogeneous complex polynomial on C(K, C) attains its norm at extreme points. We prove that this property is true whenever K is a compact Hausdorff space of dimension less than or equal to one. In the case of a compact metric space a characterization is obtained. As a consequence we show that, for a scattered compact Hausdorff space K, every continuous n-homogeneous complex polynomial on C(K, C) can be approximated by norm attaining ones at extreme points and also that the set of all extreme points of the unit ball of C(K, C) is a norming set for every continuous complex polynomial. Similar results can be obtained if "norm" is replaced by "numerical radius."
Introduction
After Bishop-Phelps theorem [14] asserting that the set of norm attaining linear functionals on a Banach space is dense in its dual space, lots of attention has been paid to possible extensions of this result to more general settings, such as linear operators between Banach spaces and more recently, multilinear mappings and polynomials [2, 3, 7, 9, 17, 18] . On the other hand, some attention has been paid to the study of denseness of numerical radius attaining mappings (see, for instance, [1, 4, 5, 13, 16, 18, 24] ) as a parallel question for the norm. We now look more closely at such mappings and investigate whether they attain their norms or numerical radii at extreme points. Our main results are about polynomials.
A natural question in the geometry of Banach spaces is to ask about the size of the set ext R B X of all real extreme points of the closed unit ball B X of a Banach space X. A Banach space X is said to have the Bade property [12] if B X coincides with co(ext R B X ), the closed convex hull of ext R B X . Aron and Lohman introduced in [10] a property called λ-property and in [11] it was proved that a Banach space X has the λ-property if and only if B X coincides with the s-co(ext R B X ), the sequentially convex hull of ext R B X . Clearly the λ-property implies the Bade property. A characterization of the Bade property is the following:
A real Banach space X, has the Bade property if and only if the set ext R B X is a norming set of X * , i.e., if for every continuous linear form x * : X → R, x * = sup{|x * (e)|: e ∈ ext R B X }.
Aizpuru [6] , motivated by this characterization, introduced the E-property. A real Banach space X has the E-property if for every norm attaining linear form x * : X → R there exists e ∈ ext R B X such that x * = x * (e). Aizpuru proved that the λ-property implies the E-property which in turn implies the Bade property [6, Theorem 3] . He also gave examples of a Banach space that has the Bade property but lacks the E-property and of a Banach space that has the E-property but fails the λ-property [6, Examples 5 and 10] .
Aizpuru concentrated on the study of the Bade and E-properties on the space C(K, K) of continuous functions on a compact Hausdorff space K with values in the scalar field K = R or C, and obtained the following two results. (1) C(K, C) has the E-property. Aizpuru considered all the spaces above as real Banach spaces. Let now X be a Banach space over C. Given a continuous complex linear form x * : X → C its real part, Rex * : X → R is a real linear form that satisfies x * = Rex * . Moreover, x * attains its norm at x 0 ∈ S X if and only if Rex * attains its norm at e iθ x 0 for some θ ∈ R. Finally, if y * : X → R is a continuous real linear form, then x * (x) := y * (x) − iy * (ix) is a continuous complex linear form on X and x * = y * . Hence, we have the following proposition. 
The main questions we face in this paper are two: Question 1. Let K be a compact Hausdorff space such that C(K, K) has the E-property. Given a positive integer n 2, suppose that a continuous n-homogeneous polynomial P : C(K, K) → K attains its norm. Is it true that P attains its norm at extreme points? Question 2. Let K be a compact Hausdorff space such that C(K, K) has the Bade property. Given a positive integer n 2, is it true that the set ext R B X is a norming set of P( n C(K, K), K)), the space of continuous K-valued n-homogeneous polynomials on
The main goal of this paper is to show that Question 1 is always true whenever K = C and K is a compact Hausdorff space of dimension less than or equal to 1. If, additionally, K is a metric space, we prove that Theorem 1.1 has another equivalent condition: (4) Given a positive integer n 2, every norm attaining n-homogeneous polynomial P : C(K, C) → C attains its norm at extreme points.
We give a positive answer for Question 2 when K is scattered. We also show that for the case K = R, Questions 1 and 2 always fail for every positive integer n 2. Informally speaking, Theorems 1.1 and 1.2 cannot be extended to real n-homogeneous polynomials for n 2. We give an application of the result on Question 1 to the study of the Shilov boundary of some function algebra on B C(K,C) . In Section 4 we study similar questions related with numerical radius. We apply the above results and obtain improved version of Bishop-Phelps theorems for the space of continuous n-homogeneous polynomials or n-linear mappings in Sections 3 and 4.
Let X and Y be real or complex Banach spaces. LetB X , B X and S X be the open unit ball, the closed unit ball and the unit sphere of X, respectively. We denote by ext R B X the set of real extreme points of B X . For each positive integer n, we let L( n X, Y ) denote the Banach space of continuous n-linear mappings from X n := X × · · · × X into Y , endowed with the norm A = sup{ A(x 1 , . . . , x n ) : x 1 1, . . . , x n 1}. A continuous n-linear mapping A is said to attain its norm (respectively, at extreme points) if there are
. . , x). We let P( n X, Y ) denote the Banach space of continuous n-homogeneous polynomials from X into Y , endowed with the norm P = sup{ P (x) : x 1}. A continuous n-homogeneous polynomial P is said to attain its norm (respectively, at extreme points) if there is x 0 ∈ S X (respectively, x 0 ∈ ext R B X ) such that P = P (x 0 ) . We denote by NA(P( n X, Y )) the set of norm attaining nhomogeneous polynomials from X into Y . When Y is the scalar field, we simply omit it in the above notations. Note that
is the space of bounded linear operators from X into Y .
Norm attaining polynomials at extreme points
We begin with the following two propositions which are very easy to check. The above propositions show that the extension of Bade and E-properties to multilinear mappings is straightforward. Unlike multilinear mappings, neither the E-property nor Bade property implies the analogous equivalent properties for polynomials. For example, 1 (real or complex) has the E-property [6] , but the norm attaining n-homogeneous polynomial
does not attain its norm at extreme points. In fact, ext R B l 1 = {εu j : ε ∈ K, |ε| = 1, j ∈ N}, where (u j ) is the usual basis of l 1 , and P (u j ) = 0 for every j ∈ N. However, we have the following property. (1) Every P ∈ NA(P( n X)) attains its norm at extreme points.
(2) For every (some) Banach space Y , every P ∈ NA(P( n X, Y )) attains its norm at extreme points.
Concerning the question of when ext R B X becomes a norming set for every n-homogeneous polynomial, it is also easy to obtain similar results to Proposition 2.3, that is, the following are equivalent:
(1) ext R B X is a norming set for every P ∈ P( n X).
(2) For every (there exists a) Banach space Y (such that), ext R B X is a norming set for every P ∈ P( n X, Y ).
The next proposition shows that if we obtain a positive answer to our Questions 1 and 2 for a positive integer n, then the answer is also true for any other positive integer m < n.
Proposition 2.4.
(a) If every P ∈ NA(P( n+1 X, Y )) attains its norm at extreme points, then every Q ∈ NA(P( n X, Y )) attains its norm at extreme points.
, it is also a norming set for every Q ∈ P( n X, Y ).
In the sequel K will be a compact Hausdorff space. We refer to [20, Chapter 16] for the theory of dimension. We recall only that K is zero-dimensional if and only if each point of K has a neighborhood base consisting of clopen sets [20, Theorem 16.17 ] . For the rest of the section we now turn our attention to the space C(K, K) where we obtain our main results on polynomials. The real extreme points of C(K, K) are the continuous functions
Since the real and complex extreme points of C(K, C) coincide, from now on we will simply write ext B C(K,C) . Example 2.5. Let K be a compact space with at least two different points a, b ∈ K and n 2. We consider the real n-homogeneous polynomial P :
Example 2.5 shows that, except in the trivial case, Questions 1 and 2 have a negative answer for real n-homogeneous polynomials on C(K, K), i.e., roughly speaking, that Theorems 1.1 and 1.2 have no "real polynomial characterization." On the other hand, we are going to prove that for complex polynomials on C(K, C) Questions 1 and 2 have some positive answers.
Given a complex Banach space X, we denote by A(B X ) the Banach algebra of all function f : B X → C which are holomorphic onB X and uniformly continuous on B X , endowed with the supremum norm. We say that a function T ∈ A(B X ) attains its norm if there exists an element x 0 ∈ B X such that
Recall that a mapping P is said to be a continuous polynomial on X if it can be represented as a sum P = P 0 + P 1 + · · · + P m , where P j ∈ P( j X) for j = 0, . . . , m. The vector space of all continuous polynomials on X is always a dense subspace of A(B X ).
Lemma 2.6. If T is an element of A(B C(K,C) ) which attains its norm at
We claim that h is holomorphic on ∆ and continuous on∆. Indeed, we define h n :∆ → C by
Clearly every h n is holomorphic on ∆ and continuous on∆. Since T is uniformly continuous on B C(K,C) , the sequence (h n ) converges uniformly to h on∆. Finally, as f 0 + zg 1 for all z ∈∆, we have
the maximum modulus theorem implies that h is constant on∆, hence
The following proposition is of independent interest.
The proof is a slight modification of the proof of the above lemma, using now that h(z) := P (f 0 + zg), z ∈ C, is an entire function and the identity principle.
Theorem 2.8. Let K be a compact Hausdorff space. Let T be an element of A(B C(K,C) ) which attains its norm at
Proof. We can assume without loss of generality T = 1 = |T (f 0 )| = f 0 . As T is uniformly continuous on the closed unit ball of C(K, C), given ε > 0 there exists 0 < δ < 1 such that, given
Thus g δ is continuous on K.
by Lemma 2.6 we have
Moreover,
By the choice of δ it follows that
Given a compact Hausdorff space K, it was proved in [15, Theorem 2 and Corollary 5] that the following conditions are equivalent:
(i) The space C(K, C) has the λ-property.
(ii) K has dimension less than or equal to one. (iii) Every continuous mapping y : A → S C defined on a closed subset A of K, such that there exists a continuous mapping y 0 :
This last characterization of the λ-property is the one relevant to our study.
Theorem 2.9. Let K be a compact Hausdorff space with dim(K) 1 and let T ∈ A(B C(K,C) ) attain its norm. Then there exists
Proof. We can assume without loss of generality that there exists f 0 ∈ C(K, C) such that
, is a continuous extension of h to K, then, by the above remark, there exists a continuous functionh : K → S C , such thath is an extension of h to K [15, Theorem 2] . Now, we define
. As in Theorem 2.8, g is continuous on K. Clearly, |g(x)| 1/4 for all x ∈ K, g = 1 and moreover, It follows immediately from Theorem 2.9 that C(K, C) has the E-property for a compact Hausdorff space K with dim(K) 1. In the case of a compact metric space, we combine Theorem 2.9 with Aizpuru's Theorem 1.1 to obtain other two equivalent conditions of this theorem, as announced in the Introduction. (ii) If Ω is a completely regular topological space of dimension k, then βΩ, the StoneCech compactification of Ω, also has dimension k (see [20, Theorem 16.11, p. 245] ).
Hence βN is 0-dimensional and it is not scattered (see, e.g., [26, Theorem 2] ). Moreover, as the complex ∞ is isometrically isomorphic to C(βN, C), we have that every norm attaining T ∈ A(B ∞ ) attains its norm at extreme points. (iii) As R has dimension one (see [20, 16. If Ω is a completely regular topological space we denote by C b (Ω, C) the Banach space of bounded C-valued continuous functions on Ω, endowed with the supremum norm. The space C b (Ω, C) is isometrically isomorphic to C(βΩ, C). If moreover, Ω has dimension less than or equal to one, then by Example 2.11(ii) we can apply Theorem 2.9 to C(βΩ, C) and we obtain the following corollary.
Corollary 2.12. Let Ω be a completely regular topological space with dimension less than or equal to one. If T ∈ A(B C b (Ω,C) ) attains its norm, then there exists
Also, Corollary 2.12 can be reformulated for Ω a metric space with dimension less than or equal to one and C b (Ω, C).
Norming sets and denseness of norm attaining polynomials at extreme points
In this section we want to obtain conditions on a Banach space X such that the set ext R B X is norming for P( n X), n 2, or for A(B X ). The Bade property is a necessary condition but it is not sufficient. Indeed, 1 has the Bade property. Nevertheless, the n-homogeneous polynomial P (x) = x n−1 1 x 2 , n 2, has norm 1/4 and vanishes on ext R B 1 . To give positive results we restrict ourselves to complex-valued functions on C(K, C), where K is a compact Hausdorff space (see Example 2.5).
Let us use F to denote either P( n C(K, C)) (n 2) or A(B C(K,C) ). If we are able to prove that the set of norm attaining functions in F each of which attains its norm at extreme points is dense in F , then it is immediate to conclude that ext B C(K,C) is a norming set of the space F .
One way to prove that is the following. Let K be a compact Hausdorff space of dimension less than or equal to one. By Theorem 2.9, we know that every norm attaining function in A(B C(K,C) ) attains its norm at extreme points. Hence, if we are able to know only that the set of norm attaining functions in F is dense in F (i.e., if we have a Bishop-Phelps theorem for F ), then we can conclude that ext B C(K,C) is a norming set of F . This is the object of our next propositions.
We denote by P w ( n X) the Banach space of all continuous scalar-valued n-homogeneous polynomials on X whose restrictions to the unit ball of X are weakly continuous.
Proposition 3.1. Let K be a compact Hausdorff space of dimension less than or equal to one. Then, for every positive integer n, the set ext B C(K,C) is a norming set of P w ( n C(K, C)).
Proof. By the above remarks, the proof is a consequence of Theorem 2.10 and of [2, Proposition 4 and Corollary 5] where it is proved that NA(P w ( n C(K, C))) is dense in P w ( n C(K, C)) for all n. 2
In order to give a Bishop-Phelps theorem for polynomials, let us recall the definition of property (β), which was introduced by Lindenstrauss [23] . A Banach space Y has property (β) if there are a set {(y α , y * α ): α ∈ Γ } ⊂ Y × Y * and a constant 0 < λ < 1 such that
If K is a scattered compact Hausdorff space, then C(K, C) has the property (β) [7, p. 363] . It was shown in [7, Corollary 5] K, C) ). The following proposition shows a stronger result than that.
that the set of all norm attaining n-linear forms in L(
n C(K, C)) is dense in L( n C(
Proposition 3.2. Let K be a scattered compact Hausdorff space and Y be a complex Banach space with property (β) (in particular Y = C or Y = C(K, C)). For each positive integer n the following hold: (a) The set of all n-homogeneous polynomials in P( n C(K, C), Y ) attaining their norms at extreme points is dense in P( n C(K, C), Y ). (b) The set of all n-linear mappings in L( n C(K, C), Y ) attaining their norms at extreme points is dense in L( n C(K, C), Y ).
Proof. To prove part (a) we first discuss the case Y = C. We have that the space
. This is again a consequence of Proposition 4 in [2] and the fact that if K is scattered we have P w ( n C(K, C)) = P( n C(K, C)) for all n (see [25, Corollary 4.4] C(K, C) ), Y ) is dense in P( n C(K, C), Y ). Therefore, the proof follows from the C-valued case and Proposition 2.3.
The proof of part (b) is analogous to that of (a), which follows from [7, Corollary 5] and Proposition 2.1. 2 A consequence of Proposition 3.2 is that if a compact Hausdorff space K is scattered, then ext B C(K,C) is a norming set of P( n C(K, C)) for every positive integer n. But as we do not know if there is a Bishop-Phelps theorem for A(B C(K,C) ), we cannot deduce the next theorem from Theorem 2.9. A(B C(K,C) ), then
Theorem 3.3. Let K be a scattered compact Hausdorff space. If T is an element of
T = sup T (f ) : f ∈ ext B C(K,C) ,
that is, ext B C(K,C) is a norming set of A(B C(K,C) ).
Proof. Given A ⊂ K, A denotes the set of all accumulation points of A. A transfinite inductive sequence is defined as follows:
If α is an ordinal and K (β) are defined for all β < α, then we put K (α) = (K (β) ) for α = β +1 and K (α) = β<α K (β) for a limit ordinal α. Observe that as K is compact, K is scattered if and only if there exists a nonlimit ordinal λ = α + 1 such that K (λ) = ∅ and K (α) is a nonempty finite set. We call α the order of K (see, e.g., [22, Lemma 2.5.2]). We are going to give the proof by transfinite induction on the order α of K.
If α = 0, then K should be finite and C(K, C) is isometrically isomorphic with C n with the maximum norm, where n is the cardinal of K. In this case the proof follows from an easy application of the maximum modulus theorem.
Suppose now α > 0 and assume that the result is true for any scattered compact space of order less than α. By hypothesis there exists n ∈ N such that K (α) = {x 1 , . . . , x n }.
As T is uniformly continuous on the closed unit ball of C(K, C), given > 0 there exists 0 < δ < 1 such that |T (g) − T (h)| < for all g, h ∈ C(K, C) with g 1, h 1 and g − h δ. On the other hand, there exists f ∈ C(K, C) with f = 1 such that |T (f )| > T − . Put
We can find a finite family (V j ) n j =1 of pairwise disjoint clopen sets such that
is a closed polydisc of C |B|+1 . We consider the mapping H : D → C, defined by |f (x j )| , j ∈ B, and µ 0 ∈ C with |µ 0 | = 1 − δ/2 such that
As above, H ∈ A(D). By applying the maximum modulus theorem to
So, for
it follows from the uniform continuity of T that
The compact space K \ V is also scattered, and
we extend it to a functionĥχ K\V defined on the whole K by taking the value 0 on V . Since V is clopen, we have thatĥχ K\V ∈ C(K, C), and we consider the mapping Q ∈ A(B C(K\V ) ) defined by
We have that
By the induction hypothesis there exists
The conclusion follows from the fact that
Clearly Theorem 3.3 is also true in the vector-valued case, that is, if K is a scattered compact Hausdorff space, then ext B C (K,C) is a norming set of A(B C(K,C) , Y ) , where Y is any complex Banach space.
It was shown in [8, Theorem 6] that Theorem 3.3 also holds for ∞ which is isometrically isomorphic to C(βN) and βN, the Stone-Čech compactification of N, is not scattered. Hence, a natural question is to characterize the compact spaces K for which ext B C(K,C) is a norming set of A (B C(K,C) ). Now we apply Theorem 3.3 to the study of the Shilov boundary. Given a complex Banach space X, Globevnik in 1979 called any norming set of A(B X ) a boundary for A(B X ). The Shilov boundary for A(B X ) is defined as the intersection of all closed boundary for A(B X ) when it is again a boundary. He showed in [21] that the Shilov boundary for A(B c 0 ) does not exist. In [8, Corollary 12] it was proved that the Shilov boundary for A(B l ∞ ) does not exist. The following theorem shows the same negative result for any infinite scattered K. A(B C(K,C) ) is empty.
Theorem 3.4. Let K be a scattered and infinite compact Hausdorff space. The intersection of all closed boundaries for
Proof. By Theorem 3.3, ext B C(K,C) is a closed boundary for A(B C(K,C) ). As K is scattered and infinite, we can find a sequence (x j ) ∞ j =1 of isolated points in K. We have that
To prove the theorem we only need to check that F is a boundary for A(B C(K,C) ). The sequence (χ j ) is weakly convergent to 0. Indeed, as n j =1 α j χ j = 1 for all α j ∈ C with |α j | = 1 for j = 1, . . . , n and all n ∈ N we have that ( 
If K is a finite set of cardinal n, then C(K, C) is isometrically isomorphic to the space (C n , · ∞ ). In that case it is well known that the Shilov boundary for A(B C n ) is the set ext B C n = {(a 1 , . . . , a n ) ∈ C n : |a 1 | = · · · = |a n | = 1}.
Denseness of numerical radius attaining mappings at extreme points
In this section, based upon the results of previous sections, we study the relationship of the E-property and the Bade property with n-linear mappings and n-homogeneous polynomials that attain their numerical radii at extreme points.
We define the numerical radius of an n-linear mapping A ∈ L( n X, X) by
where
When n = 1, we simply write Π(X). We say that A attains its numerical radius if there exists (x 1 , . . . ,x n , x * 0 ) ∈ Π(X n ) such that v(A) = |x * 0 (A(x 1 , . . . ,x n ) )|. Moreover, ifx 1 , . . . ,x n ∈ ext B X and x * 0 ∈ ext B X * , we say that A attains its numerical radius at extreme points. We denote by NRA (L( n X, X) ) the set of numerical radius attaining n-linear mappings from X n into X. Similarly we define the numerical radius of an n-homogeneous polynomial P ∈ P( n X, X) by
and say that P attains its numerical radius if there exists
Moreover, if x 0 ∈ ext B X and x * 0 ∈ ext B X * , then we say that P attains its numerical radius at extreme points . We denote by NRA(P( n X, X)) the set of numerical radius attaining n-homogeneous polynomials from X into X. For further details we refer to [18] .
It was shown in [5, 18] that if X has the Radon-Nikodym property, then the set NRA(L( n X, X)) is dense in L( n X, X) and NRA(P( n X, X)) is dense in P( n X, X). Since every numerical radius attaining n-linear mapping in L( n l 1 , l 1 ) attains its numerical radius at extreme points, we can say that the set of all numerical radius attaining n-linear mappings at extreme points is dense in L( n l 1 , l 1 ). In fact, suppose that A ∈ L( n l 1 , l 1 ) attains its numerical radius. Since l 1 has the E-property [6] and v(A) = A (see [18, and hence A attains its numerical radius at extreme points. However, there is P ∈ P( n l 1 , l 1 ), n 2, such that P attains its numerical radius, but not at extreme points. Indeed, let P ∈ P( n l 1 , l 1 ) be defined by
Thus P attains its numerical radius. Since P (e) = 0 for all e ∈ ext B l 1 , P cannot attain its numerical radius at extreme points. Further, P cannot be approximated by numerical radius attaining n-homogeneous polynomials at extreme points. Nevertheless, we can obtain a result similar to Proposition 2.4. (b) If every P ∈ NRA(P( n+1 X, X)) attains its numerical radius at extreme points, then every Q ∈ NRA(P( n X, X)) attains its numerical radius at extreme points.
Proof. Since the proofs of (a) and (b) are almost identical, we only prove (a). Suppose that A ∈ L( n X, X) attains its numerical radius and v(A) = |x * 0 (A(a 1 , . . . , a n ))| for some (a 1 , . . . , a n , (Ã(a 1 , . . . , a n , a 1 ) We do not know if there is, in general, an analogous property to Proposition 2.1 for n-linear mappings that attain their numerical radii. However, we obtain it for the real or complex Banach space C(K, K). 
its numerical radius at extreme points.
Proof. The implication (ii) ⇒ (i) is clear by Proposition 2.1 and by the fact that A = v(A)
for every A ∈ L( n C(K, K), C(K, K)) and also that A attains its norm if and only if A attains its numerical radius [7, Proposition 8] .
Since A is also norm attaining, the hypothesis implies, by Proposition 2.1, that A attains its norm at extreme points, i.e., A = A(e 1 , . . . , e n ) for some e 1 , . . . , e n ∈ ext R B C (K,K) . Since A(e 1 , . . . , e n ) ∈ C(K, K), there is δ t ∈ ext R B C(K,K) * Proof. Let P ∈ P( n C(K, C), C(K, C)) and > 0 be given. By Proposition 3.2, there is Q ∈ P( n C(K, C), C(K, C)) such that P − Q < /2 and Q = Q(e) for some e ∈ ext B C(K,C) . Since P (e) ∈ C(K, C), there is δ t ∈ ext B C(K,C) * such that |δ t (P (e))| = P (e) . Note that sgn(e(t))δ t (e) = |e(t)| = 1 because e ∈ ext B C(K,C) . Since v(P ) sgn e(t) δ t P (e) = P (e) P − and since > 0 is arbitrary, we have v(P ) = P . Theorem 2.9 and analogous argument with ε = 0 give the other conclusions. 2
Finally, we can give a Bishop-Phelps theorem for numerical radius. 
